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Abstract 

We consider a nondegenerate holomorphic map f : V i-^ X where {X, is a 
compact hermitian manifold of dimension higher or equal to k and V is an open 
connected complex manifold of dimension k. In this article we give criteria which 
permit to construct Ahlfors' currents in X. 
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Introduction 

Let f : V ^ X he a nondegenerate holomorphic map between an open connected complex 
manifold V (non-compact) of dimension k and a compact hermitian manifold {X,uj) of 
dimension higher or equal to k. We consider an exhaustion function r on F. It means that 
(see [13]): 

(i) r : y ^ [0,+oo[ is C\ 

(ii) r is proper (i.e. (compact) = compact). 

(iii) There exists vq > such that r has only isolated critical points in r~^([ro, -|-oo[). 
In this article we will employ the notation V{r) = r~^([0,r[). 

The first important example is ^ = C'^ and r = When A; = 1 we are studying 

entire cuves in X. An another example is for V a pseudoconvex domain in C'^. If tq is 
its exhaustion function, we can easily transform tq into a function r which satisfies the 
previous hypothesis (see [10] p. 63-65). 

The goal of this article is to construct Ahlfors' currents in X with V and /. By definition, 
a Ahlfors' current is a limit of a sequence like volume(/'('K(r ))) ^^'"^^ ^ closed positive 
current of bidimension {k, k) (here r„ +00 and all the volumes in this article are counted 
with multiplicity). When V = C and r = M. McQuillan constructed such currents in 
[9] (see [1] too). These currents are fundamental tools in the study of the hyperbolicity of 
X (see for example [5]). When the dimension of V is higher or equal to 2 it is not always 
possible to produce Ahlfors' currents. Indeed, for example, there exists domains O in 
which are biholomorphic to and such that O / (Fatou-Bieberbach domains). As a 
consequence, to produce Ahlfors' currents it is necessary to add a hypothesis on /. 
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When the dimension of X is equal to k, there exists some criteria which imply that f{V) 
is dense in X (see [3], [12], [13], [7], [6], [2] and [11]). These criteria used the degrees of / 
(see [3]) or the growth of the function /. 

Our goal is to give criteria which use these degrees in order to produce Ahlfors' currents 
in X. Of course, in the case where the dimension of X is equal to k, the existence of such 
currents will automatically imply that f{V) is dense in X. Indeed, [X] is the only positive 
closed current of bidimension {k,k) in X (modulo a normalization). 

In this article, we will use the following degrees (tfe-i will be slightly different from the 
Chern's one): 



tk{r) = / 
Jv 



V(r) 

tk-1 (r) = [ idrAd^A f*Lo''-\ 

Jv{r) 

Let C be the set of critical values of r in [ro, +oo[. V is connected and non-compact so we 
can suppose that [ro,+oo[c T(y). 

The criteria that we will give on tk and tk-i will strongly use the following inequality: 

Theorem 1. The functions tk and tk-i are on ]ro,+oo[\C and C° on ]ro,+oo[. // 
r G]ro,+oo[\C then 

\\dh[V{r)]f ^K{X)tU{r)A{r)- 

Here \\.\\ is the norm in the sense of currents and K{X) is a constant which depends only 
on X . 

By using the previous inequality we can prove some criteria which imply the existence of 
Ahlfors' currents. Here we give the two following ones: 

Theorem 2. We suppose that f is nondegenerate and of finite type (i.e. there exists 
Ci, C2, ri > such that volume{f{V{r))) ^ Cir'^^ ^ ^ ^^j 

If 

lim sup — 7-^ = 
r-»+oo rHk{r) 

then there exists a sequence Vn which goes to infinity such that yQiy!f^g(^j^^(^^ converges 
to a closed positive current with bidimension {k,k) and mass equal to 1. 

When V = C and r = \\z\\'^, the hypothesis of finite type is true modulo a Brody's 
renormalization (see for example [8]). 

We give now one criterion which doesn't use this hypothesis. 
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Theorem 3. // / is nondegenerate and if there exists e > and L > such that: 



limsup — — 7 ^ L 



f \V(r )1 

then there exists a sequence rn which goes to infinity such that ygi^^^^gfj^y^^j. converges 
to a closed positive current with bidimension {k,k) and mass equal to 1. 

The plan of this article is the following one: in the first part we prove the inequality 
(theorem 1), in the second one we give the proof of the both criteria (theorems 2 and 3). 
In the third part, we will give a new formulation of the criteria for the particular case 
where V = C'^. 



1 Proof of the inequality 

Let C be the set of critical values of r in [ro, +oo[. We recall that we can suppose [ro, +oo[c 
t{V). Notice that the point (iii) of the hypothesis on r implies that C is discrete. When 
r G]ro, +oo[ and r ^ C then r : T~^{]r — e, r + e[) i-^]r — e, r + e[ is a submersion for e > 
small enough. In particular, T~^(r) is a submanifold of V and dV{r) = r~^(r). When 
r G C, then r~^(r) is a compact set which is a submanifold of V outside a neighbourhood 
of a finite number of points. 
We begin now with the following lemma: 

Lemma 1. The functions tk and tk~i are on ]ro,+oo[\C and C° on ]ro,+oo[. 

Proof. The form /*a;^ is positive and smooth and idr A Or A f*oo^~^ is positive and con- 
tinuous (r is C^) so it is enough to show that t{r) = /y^^^ ^ is on ]ro, +oo[\C and 
on ]ro, +oo[ with $ a positive continuous form of bidegree {k, k). 

We take r €]ro,+oo[\C and e > such that r : r~^(]r — £,r + e[) i— >-]r — £, r + £[ is a 
submersion. Now, if r' €]r — e, r[, we have: 

r-r' r -r' JT-mr',r[) r-r'J[r',r[ 
The form is continuous so it is equal to a{s)ds with a in C°(]r — s,r + £[). We obtain: 

t{r)-t{r') 1 r 

-f — = 7 / a{s)ds 

r — r r — r J^i 

which converges to a(r) when r' r. The same thing happens when we consider r' G 
]r, r + e[, so the function t is differentiable at r and t'{r) = a(r). In particular t is on 
]ro,+oo[\C. 

Remark 1. Notice that here we did not use that $ is positive. We will use this remark in 
the proof of the theorem 1. 
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Now, consider r G C If we take e > 0, then we can find two neighbourhoods 
of the (finite) number of the critical points in {r = r} such that f^y_^ ^ ^ e (because $ is 
continuous). Now, let tp be a C°° function which is equal to 1 in a neighbourhood of 
and to outside W2s (0 ^ V ^ !)• Then, if r' < r, 

t(r)-t{r')= [ [ (1-V)$^£+ / (l-'0)$. 

Jv{r)\V(r') Jv{r)\V{r') Jv{r)\Vir') 

If a > is small then r is a submersion on r~^(]r — a,r + a[) H {V \ Ws). In particular 
the function ^ 

r' ^ [ (1-V)$= / n((l-^)$) 

Jv{r)\V{r') Jr' 

goes to when r' —i- r. The same thing happens when we take r' > r. As a consequence, 
there exists 6 > such that if |r — r'\ < 6 then \t{r) — t{r')\ ^ 2e, i.e. t is continuous at r. 

□ 

We give now the proof of the theorem 1. 
We take r G]ro,+oo[\C. We have: 

\\mVir)]\\= sup \{dMVir)],n 

where T{k — 1, k) is the set of smooth {k — 1, k) forms ^ with ^1. If 5' G T{k — 1, k) 
then we can write 

K(X) 
* = ^ 0, A 
i=l 

where K{X) is a constant which depends only on X, the Oi are smooth forms of bidegree 
(0, 1) with ll^ill ^ 1 and the are (strongly) positive smooth forms of bidegree (A;— 1, A;— 1) 
with ^ K{X). So, to prove the inequality it is sufficient to bound from above 

\{df^[V{r)],e A by K(X)t'^_^(r)4(r) with 9 a smooth form of bidegree (0,1) with 
ll^ll ^ 1 and f2 a positive smooth form of bidegree {k — \,k — 1) with ||ri|| ^ 1. 
If e > is small then r : T~^(\r — £, r + £[) i— >-]r — £, r + £[ is a submersion. Now, if we take 
r' G]r — £, r[, we have: 



A{r',r) :-- 



1 



{d f4v (s)], e An) ds 



If we use the Stokes' theorem, we have: 



r{d[v{s)],reArn)ds 



A{r', r) 



r{[dv{s)],reAf*n)ds = r {[r = s], re Afn) ds 

r — r Jr' r — r J^i 
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because for s G]r — e,r + e[ the boundary of V{s) is {r = s}. 
We obtain: 



A{r',r) 



-r'L Ur- 



f*e A f*n ds 



Now T : T ^{]r — £,r + e[) i— >]r — e, r + £[ is a submersion, so by using Fubini's theorem 
(see [4] p. 334), we have: 



A{r , r) 



1 



r - r Jv{r)\V{r') 

Now, if we consider, 



dr A f*e A f*n 



r — r 



V{r)\V(r') 



dr A f*e A f*n 



Jv{r)\V{r') 

where (f) and ip are continuous forms of bidegree (1,0), then ^ (because O is 

positive) and so by using the proof of the Cauchy-Schwarz's inequahty we obtain that: 



|{</.,V^}|^({<^,0})V2({^,^})V2. 



In particular. 



-r' jy 



V{r)\V{r') 



idr AdrA f*n 



. , if*eAf*9Af*n 

r -r Jv{r)\Vir') 



Now if*e A f*e Af*n is equal to f*{ie A ^ A J^) and A A ^ K'{X)u;'' (which means 
that K'{X)ll!'^ — i9 a 9 A^ is a (strongly) positive form). Here K'{X) depends only on X 

because ^ 1 and \\^}\\ ^ 1. 
As a consequence, we have: 



r — r 



V{r)\V{r') 



if*9 Af*9 Af*n 



^ K'{X) 



-^1 

r -r' Jy 



V(r)\V(r') 



K\X) 



tk{r)-tk{r') 



r — r 



On the other hand, there exists a constant K"{X) with O ^ K"{X)uj^ ^ (we use ^ 1). 
So, we have 



— I 

r-r' Jy 



V{r)\V{r') 



idr AdrA f*n 



^ K"{X) 



tk-i{r) - tk-i{r') 



r — r' 



We obtain: 
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Now, when r' ^ r 

A{r',rf ^ \{dU[V{r)],e 

because the function s i-^ (c}/*[y(s)], ^ Afi) = Jy^^) df*{9/\VL) is continuous on]r — e,r + £[ 
(see remark 1). 

Finally, if we take r' — > r in the inequality (1), we have: 

\{^UV{r)\,e^Q.)\^ ^ K{X%_^{T%{r) 
which gives the wanted inequality. 

2 Proof of the theorems 2 and 3 

2.1 Proof of the first criterion 

We begin with this lemma: 

Lemma 2. /// is nondegenerate and of finite type then there exits a constant K > such 
that: 

Vr2 > 3r ^ r2 with volu'me{f {V {2r))) ^ K volume{f {V (r))) . 

Proof. The hypothesis implies that there exists Ci, C2, ri > such that volume(/(y(r))) ^ 
Cir'-''^ for r ^ ri. 

If the conclusion of the lemma is false then for all if > there exists r2 > such that for 
all r ^ r2 we have volume(/(y(2r))) ^ irvolume(/(y(r))). 
So, if we take K » 2^^ then we obtain (if / is high enough): 

Ci (2^2)^2 ^ volume(/(l/(2V2))) ^ K'volume(/(y(r2))). 
As a consequence we have 

volume(/(F(r2))) ^ Cir^ 

which implies that volume(/(F(r2))) = when we take Z — > 00. It contradicts the fact 
that / is nondegenerate. 

□ 
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By using this lemma, we can find a sequence Rn — > +00 which satisfies 



volume(/(l^(2i?„))) ^ Kvolume(/(F(i?„))). 
The theorem 1 gives now that: 

/ \\dU[V{r)]\\dr^K{X) / ^t'^_^{r)^t',{r)dr. 

*t Rn ^ Rn 

We use the following sense to the integrals: for example, if there is one point a„ of C 
in [Rn,2Rn], we consider /^f" = link^o /[^,,^,„„_^]u[a„+e,2R„]- ^11 the functions that we 
consider are non negative, so the limit exists in [0,+oo]. 

Now, by using the Cauchy-Schwarz's inequality, the last integral is smaller than 

K{X) (^l^^^ t',_,{r)dr^ ' [J^^ Ur)d^ ' ^ K{XWtk-i{2Rn)VWR;:). 

For the last inequality it is important to use that tk-i and tk are continuous on ]ro,+oo[ 
(see theorem 1). 

It implies that there exists a sequence r„ G [Rn,2Rn] such that: 

WdMVirnM ^ ^^Vtk-ii2Rn)Vti^^R^, 

i.e. 



\\dMV{rn)]\\ ^2K{X) I ^'^-^(2^") 



volume(/(y(r„))) ^ ^ {2Rn?tki2Rn) tfe(r„) 



because volume(/(l^(r„))) = tjt(r„). 
Now, we have 



tk{2Rn) ^ tk{2Rn) ^ ^ 
tk{rn) ^ tk{Rn) 



and by using the hypothesis. 



tk-l(2Rn) Q 



So, we obtain that 



Y {2Rn)Hk{2Rn) 
volume(/(F(r„))) 
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The current r„ := volume(/(V"(r ))) positive with bidimension {k, k) and mass equal 
to 1, so there exits a subsequence of (T„) which converges to a positive current T with 
bidimension {k,k) and mass 1. Moreover, 

1'"^''^" volume(/(y(r„))) ^' 
so the hmit current T is closed. It proves the first criterion. 

2.2 Proof of the second criterion 

Take £ > and L > such that 

r^C, r--++oo '^W ) 

Let Rn be a sequence of positive reals which goes to +oo. By using the theorem 1, we 
have (see the proof of the last criterion for the definition of the integrals): 

\\dMV{r)]r < J^^^ 

This last integral is smaller than ^^^^^-^^^^ ^ K'{X,f) (here we use the fact that j^j^ is 
continuous on ]ro,+oo[). 
So, we have 



/ r\ldf.lV(r)]f \ 

and J^Ti ^dr = +oo implies that there exits a sequence rn +oo such that r-n ^ C and: 



We obtain 



. . rn\\dMVirn)]r ^ 



Vvolume(/(F(r„))); r„ t,(r„)i- ^ + 



by hypothesis (for n high enough). 
So, 



\\dU[V{rr, 



volume(/(l^(r„))) 
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Now, by using exactly the same argument than in the proof of the previous criterion, we 

obtain that there exists a subsequence of T„ := — ^^^^f"^! — rrr- which converges to a 

^ volume(/(y(r„))) ^ 

closed positive current of bidimension {k^k) and with mass equal to 1. 

3 The particular case y = 

In this paragraph we consider the particular case where V = . 

Let 13 be the standard kahler form in C'^. We want to transform our previous criteria by 
using 13 instead of idT A dr. More precisely, we consider: 



ak{r) = / f*uj 

JB{Q,r 



ak-i(r) = PAfu 

'B{0,r) 



and 

= / 

JBi 

Then we can prove a new formulation of our three theorems: 

Theorem 4. The functions and ak~i are on ]0, +co[ and for r > we have 

\\df4B{0,r)]f ^K{X)ai_,{r)ai{r). 

Here \\.\\ is the norm in the sense of currents and K{X) is a constant which depends only 
on X . 

Proof. We apply the theorem 1 with V = C'^ and r = \\z\\'^ (here we have C = {0}) and 
then for r > 0: 

\\df4V{r')]f ^K'{X%_,{r'%{r^). 
Now, afe(r) = tfe(r^), so is in ]0, +oo[ and 

The function ajk_i(r) = t{r^) with t{r) = Jy^j.^P A f*uj^~^ so a^-i is in ]0, +co[ (see 

the proof of the lemma 1). 

Moreover, 



tk-iir^)= [ idT Adr Af*uj''-^ = f idr A dr A f* uj^'^ , 
On B(0,r) this last form is smaller than K{k)(3r'^. 



'y(r-2) •JB{0,r) 

and idr Adr = i ^ 'zlZjdZi A dzj 
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If we take < r' < r then 



tfe_i(r2) - ifc_i(r'2) = / idrAdTA fu''-' ^ K{ky [ /? A fuj'^'K 

J B{0,r)\B{0,r') J B{0,r)\B{0,r') 

If we divide by r — r' and if we take the hmit r' ^ r then we obtain: 

2<_i(r2)^K(/c)r2<_i(r). 

Finally, we have: 

\\dUm,r)]r = \\dU[V{r')]f ^ K'{X%_,{r^%{r') ^ K{X)a',_,{r)a',{r), 

with K(X) = K{k)K' (X) (we recall that the dimension of X is higher or equal to k). This 
is the inequality that we wanted. 

□ 

Now if we remplace in the proof of the theorems 2 and 3 the function by Ofe-i, the 
function tk by and V{r) by B(0,r) then we obtain the two following criteria: 

Theorem 5. We suppose that f is nondegenerate and with finite type (i.e. there exists 
Ci, C2, ri > such that volume{f{B{0,r))) ^ Cir'^^ ^ ^ ^^j 

If 

r ak-i{r) „ 

hm sup —75 — -—- = U 
r^ak{r) 

then there exists a sequence rn which goes to infinity such that ^q^^^^^j^^'^q ^ -j)^ converges 
to a closed positive current with bidimension {k,k) and mass equal to 1. 

Theorem 6. // / is nondegenerate and if there exists £ > and L > such that: 



lim sup — ^ ^ L 



then there exists a sequence rn which goes to infinity such that ygi^/j^gij^^^ ^ ^^-j converges 
to a closed positive current with bidimension {k,k) and mass equal to 1. 

Notice that when k = I then afc_i(r) = vrr^ and so, in this context, the hypothesis of this 
criterion is always true if / is nondegenerate. 
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